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Introduction

The triangular irregular network (TIN) is used for modeling surfaces mainly due to effectiveness of surface representation. This property of TIN is result of flexibility of triangles vertices localization. However, there are restrictions and conditions for localization of points of input elevation point field to represent surface. The distribution of input points is according to [5] in relation to georelief surface curvature: the higher georelief curvature in given region the higher mutual points density must be so that with selected detailness there will be expressed the course of georelief. There are top points, saddle points and depression points used as input points and often the points located on ridge line, valley line and break lines as well. This representative input point field is basis for construction of triangles based on defined rules. The most common way to use is of Delaunay Triangulation.

The shown conditions are not sufficient for exact calculation for derived structural properties of georelief. There are errors of calculating normal vectors as it was shown in [2, 5]. The normal vector computed based on triangle plane is other than real normal vector of georelief surface in that place. A correctly calculated normal vector is result of fulfilling condition of correct triangle configuration toward georelief surface (in detail described below).


The data-depend triangulation is must for respecting the correct configuration condition, because it is based on relation between georelief surface (which properties are encoded in values of input points) and triangle. That is why the Delaunay triangulation is not suitable. The specific localization of vertices is required to fulfill condition of correct configuration therefore it is not possible to fulfill this condition in case of fixed position of input points.

It is possible to minimize errors by way of construction triangles from fixed input points with condition of correct configuration in mind. One of the easiest ways is using Lawson local optimization with normal vector deviation as optimization condition. The result is more accurate model of georelief surface for visualization and also for processes modeling. 

The condition of correct configuration of triangle toward georelief surface

There are geometrical properties of triangles with influence on origin of inaccuracy, for that reason is necessary to focus on relation between plane of triangle and georelief surface. Plane of triangle is defined by triplet of vertices 


Aj(xj, yj, zj), Ak(xk, yk, zk), Al(xl, yl, zl)
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located on georelief surface. The plane of triangle has the equation 
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when adapted has form
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where A, B, C, D are subdeterminants of determinant (2)

. And they are coordinates of the normal vector N (A, B, C) of triangle plane [5].
Values of first partial derivatives (and from them calculated morphometric quantities) are given in triangle on basis of normal vector N, there are constants for whole plane of triangle. We assign values to the centre of triangle, its centroid Ts. In general, values on the georelief surface in point with same position like centroid Ts are different, there is different normal vector - NAs in point As than normal of triangle plane Ns (see fig. 1). For the difference of normal vectors ∆N is valid  


NAs ≠ Ns, NAs = Ns + ∆N.
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This difference creates deviation of calculated values of first partial derivatives and slope and aspect of georelief. Then is valid 

((N)As = ((N)Ts + ∆(N,  (AN)As = (AN)Ts + ∆AN,
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where (N is slope in direction of slope curves, AN is orientation of georelief to cardinal points, with sign As on the georelief surface and with sign Ts calculated from triangle. Sizes of values ∆(N and ∆AN are numerical deviations [2, 5].

Important indicator of relation between plane of triangle and georelief surface is position of tangent point Ai of (tangent) plane, which is parallel to plane of triangle. Tangent point Ai will be the singular point of difference of altitude field z , what are differences of altitudes belonging to certain point Ap in plane of triangle and on georelief surface. Tangent point Ai has the same normal vector like plane of triangle and so values derivated from it as well. Positional difference between point Ai and centroid Ts creates positional deviation. 
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Fig. 1 The deviation of normal calculated from plane of triangle

The condition of correct configuration of triangle toward georelief surface is fulfilled, if triangle vertices Aj, Ak, Al  are localized so that tangent point Ai  of tangent plane parallel to plane of s-th triangle has the same coordinates xi, yi  as coordinates xTs, yTs of triangle centroid Ts of s-th triangle. We can write this formulation according to [2, 5]

xi ( xTs, yi ( yTs, zi = zTs + z;  z = zi - zTs.
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The condition of correct configuration (6)

 is necessary condition for exact derivation of values of first partial derivatives and from them calculated morphometric quantities - slope in direction of slope curves (N, and orientation of georelief to cardinal points AN.
Triangulation of irregularly distributed input points
Terrain data is not readily available in form of TIN (with information about connection between points). The TIN model has to be generated from either irregularly distributed points or grid data [1]. In case of irregularly distributed points is used triangulation, rarely foregoing selection of points like in case of grid data input.


To work well in applications, triangle networks are usually assumed to be locally or globally optimal under some criterion [3]. If the criterion is based on shape of triangle we talk about shape-depend triangulation. The most common triangulation, Delaunay triangulation [6] belongs to this group. It uses criterion of maximization of the minimum angle, which is equivalent to empty circumcircle property. If any four points of input points is not cocircular then Delaunay triangulation is unique. That is reason for distributing only data about input points. Another shape-depend criterions presents [4]:
· minimization of distance between tested point and tested triangle edge and dividing rate of normal to edge crossing tested point approach to value 0.5

· minimization of triangle perimeter
· maximization of angle in tested point

The others criterions are shown in [3]. The shape-depend triangulations do not take the data values into account. This may not be desirable since some shape information “encoded” in the data values has great influence on quality of the interpolation [7].


Additional information for creating triangles is used by data-depend triangulation. The data-depend triangulation forms shape of triangle in relation with shape of representing surface. Therefore long and thin triangles are not penalized, because primary for construction is the cost of edges. The assignment cost to edges by some function predestines properties of resulted TIN. The papers [7, 8] are presenting cost function for data-depend triangulations:
· angle between normals of neighbor triangles

· difference between unit vectors of neighbor triangles in the (x, y) plane orthogonal to the projection of edge in the (x, y) plane

· deviation of point from linear polynomials of neighbor triangle
· distance of points from plane of neighbor triangle
These functions minimize the change of properties at TIN edges. However on the georelief surface there are places with strong change of surface course (along ridge line, valley line and break lines) important to represent. Presented functions are not aimed for that. We present cost function based on difference N (4)

 between normal of triangle and normal of georelief surface in triangle centroid. It is application of the condition of correct configuration of triangle toward georelief surface. This cost function creates triangles better representing georelief surface in places with strong change of course (see fig. 2).
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Fig. 2 Possibilities to create triangle: 

a) well shaped, b) with cost function based on normal deviation N
Local optimization

As mentioned above TIN can be locally or globally optimized under some criterion. A triangulation is called globally optimal with respect to the given criterion provided that triangulation optimizes the given criterion among all possible triangulations of input set of points. A triangulation is called locally optimal with respect to a given criterion provided that every convex quadrilateral (consisting of two triangles sharing an interior edge) is optimal with respect to the given criterion [3].

Very often way used to get locally optimal TIN is Lawson local optimization. It is also known as edge-flip procedure suggested by Lawson in 1977. The axiom is very easy – the diagonal of a non-optimal quadrilateral is flipped, i.e., replaced by the other diagonal [3]. Lawson optimization is iterative procedure, in finite number of steps creates locally optimized TIN. We can write pseudo code of algorithm according to [8]:
1.
{

2. 

while(triangulation is not locally optimal){ 

3.


if(edge e is not locally optimal) 

4. 



swap e with alternative diagonal; 

5. 

} 

6.
}
The input is some initial triangulation and output is locally optimal triangulation under chosen criterion.
Results of local optimization

We have used mentioned principles on model surface typifying georelief surface. The model surface was given by analytical formula of two variables, which can be in general express 



[image: image5.wmf](,)

=

zfxy

.
 MACROBUTTON MTPlaceRef \* MERGEFORMAT (7)

This gives us possibilities to exactly calculate required values in every point. In real where there is only set of input points with elevation it is not know the formula (7)

. In that case we can approximate shape of surface in triangle and its neighbor by the second exact fit surface fitted through three triangle vertices and three other vertices of its neighbors [1].  
The model surface was represented by TIN formed by Delaunay triangulation created from set of input points, including top points, saddle points, depression points, points located on ridge lines and valley lines. Subsidiary points were used outside investigated region to avoid long thin unnecessary triangles on the border of region. There were 626 triangles formed TIN on modeled surface. Input TIN with Delaunay triangles is shown on fig. 3.
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Fig. 3 Input TIN

This TIN was used as input for Lawson local optimization algorithm. The cost function c(e) for edge e was value of  angle of deviation N for both triangles t1, t2 sharing tested edge e. The tested edge e was assign by cost c

c(e) = N1 + N2,
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where N1 is deviation in triangle t1 and N2 is deviation in triangle t2. It is clear that in one of triangles can increase the deviation but only in case of bigger reduction of the deviation in other tested triangle.

Locally optimized TIN was created in three iteration steps of Lawson algorithm. The average of values N in triangles was reduced to 72.1 % from 3.083 ° to 2.223 ° (see tab. 1). The best reduction was registered in triangles with the highest values of deviations, where in 77 triangles with deviation N > 5 ° was deviation reduced in 54, in 20 was not changed and only in 3 increased, but no more than 0.5 °. The changes in algorithm steps are shown in tab. 2. The border triangles are disadvantaged because there is no neighboring triangle and then no possibility to change with alternative edge. The border triangles had the highest values of deviations after optimization and in all other triangles deviation reached value below level 7 °. It shows that used algorithm eliminates significant errors on normal vectors which have negative influence to precision of calculating derived values needed for visualization and further modeling. 
Tab. 1 Value of deviation angle N in iteration steps of algorithm
	
	step

	
	0 - input
	1
	2
	3

	Average value of N [°]
	3.0831
	2.2965
	2.2264
	2.2237

	Minimal value of N [°]
	0.0602
	0.0602
	0.0602
	0.0602

	Maximal value of N [°]
	13.3747
	11.6034
	11.6034
	11.6034


Tab. 2 Changes of deviation angle N between iteration steps of algorithm
	
	between steps

	
	0 - 1
	1 - 2
	0 - 2
	2 - 3
	0 - 3

	Average change of N [°]
	-0.7866
	-0.0701
	-0.8567
	-0.0027
	-0.8594

	Maximal decrease of N [°] 
	-9.2592
	-3.3608
	-9.2592
	-2.7989
	-9.2592

	Maximal increase of N [°]
	2.9894
	0.8768
	2.9894
	1.1148
	2.9894

	Count of triangles with decrease of N
	251
	35
	267
	1
	268

	Count of triangles with decrease of N
	58
	8
	55
	1
	54

	Count of triangles with unaffected of N
	317
	583
	304
	624
	304

	Average decrease of N [°]
	-2.1285
	-1.3190
	-2.1555
	-2.7989
	-2.1525

	Average increase of N [°]
	0.7217
	0.2850
	0.7137
	1.1148
	0.7204
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Fig. 4 Final locally optimized TIN


The final TIN shown on fig. 4 contains more long thin triangles, which are located on places, where curvature is dominant in one direction. There is dominant normal curvature in direction of tangents to contour lines against normal curvature in direction of slope curves along ridge lines and valley lines therefore presented optimization criterion has tendency to create edges taking place in ridge lines and valley lines. The more dominant change in one direction the more marked this behavior is. The edges of resulting TIN taking place in ridge lines and valley lines are highlighted on fig. 4. It is allowed to use set of input points without defined constrained lines to represent important shapes of georelief surface due to presented optimization criterion. 
Conclusion

The accuracy of the normal vector calculation is very important indicator of quality of TIN models and models of surfaces in general as well. The normal vector is very important parameter for visualization especially for computing illumination. Therefore a deviation of normal vectors produce none accurate model of georelief surface for visualization and also for processes modelling. 
Reduction of deviation of normal vector has restrictions in case of using set of fixed elevation point as input for creating TIN. However despite of these restrictions local optimization of TIN (using Lawson algorithm) with value of deviation of normal vector as optimizing criterion provides not negligible results. This practice eliminates serious errors of normal vector calculations and better represents important shapes of georelief surface as well. 
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